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This article provides theoretical developments broadening the scope of previous optical 
simulation models for multilayer glazing systems. The applicability of existing models will be 
extended through additional characterization of the multilayer optical components from global 
spectrophotometric (UV-Vis-NIR) measurements. A more complete interlayer film 
characterization, including reflectivity in the film-glass interface, will be provided. Singular 
solutions of the related equation systems will be derived for situations involving components 
with very low or null transmissivity.  As a contribution to the fundamentals of the formalism, 
the condition relating the symmetry of the transmittance of the system with the symmetry of 
the transmissivity of its optical components will be studied. Finally, with the extension for the 
calculation of energy fluxes through the components of a multilayer system, analytical 
expressions for the components absorptivity will be derived. These results are particularly 
useful to quantify differences in energy absorption of the constituents of a laminated glass, as a 
tool to define, from the glazing design phase, the thermal and mechanical processing needed for 
each glazing component. Additionally, the model provides a procedure for the calculation of 
the absorptivity of encapsulated photovoltaic cells, which is directly related to cell efficiency in 
each particular configuration.  
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1. INTRODUCTION  
 
The current European regulatory framework (EN 410:2011, EN 673:2011, EN 
13363:2003, etc.), and international regulations (ISO 9050:2003, ISO 15099:2003. etc.), for 
the determination of the optical and thermal performance of glazing systems are based 
on the provision of closed analytical expressions for the related short-wave energy 
magnitudes (transmittance, reflectance, absorptance), in terms of the energy 
performance of the system components (transmissivity, reflectivity, absorptivity). The 
latter are measurable from elementary configurations, while basic thermal constants 
are fixed by the standards.  
 
Within this framework, the optical modeling of glazing systems avoids the setting of 
equations requiring numerical solution methods, while keeping a sufficient accuracy 
guaranteeing the thermal study of the systems. The propagation of solar radiation 
through complex optical systems with planoparallel optical interfaces has been 
previously studied by Baenas and Machado (2009), with a basis on the classical transfer 
matrix methods (Harbecke 1986, Maestre 2000, Pfrommer et al. 1995, Van Nijnatten 
1994, i.a.). The physical description is based on irradiance – incoming energy flux – and  
radiosity – outcoming energy flux – under the approximation of incoherent 
superposition of radiation waves, due to the fact that radiation wavelengths are 
negligible with respect to thickness in the case of glass substrates.  Light diffusing 
elements or shading elements are not included. The formalism does not include angle-
dependent optical properties (Furler 1991, Maestre et al. 2006, Rubin 1982, Rubin et al. 
1998, Van Nijnatten 2001). These restrictions are aligned with the European standard 
for energy characterization of glass for building, EN 410:2011. Within this framework, 
the optical system is formed by glass panes, polymer films, selective coatings and gas 
spaces without optical function. This kind of system is symmetric regarding 
transmissivity, and can be characterized, to a good approximation, by means of UV-
Vis-NIR spectrophotometry for normal incidence.   
 
The optical model presented herein is based on the separation of a real optical glazing 
system in optical components (interfaces, glass substrates, films and coatings, mainly), 
which are defined through a transfer matrix connecting energy fluxes on each side of 
the component. Transfer matrix methods have been largely studied in the literature 
from different approaches (Centurioni 2005, Harbecke 1986, Katsidis and Siapkas 2002, 
Maestre 2000, Mitsas and Siapkas 1995, Pfrommer et al. 1995, Van Nijnatten 1994, i.a.). 
These methods have their roots in the classical study of characteristic matrices 
(dependent on Fresnel coefficients for interference systems or coherent case) which 
connect the electromagnetic field components at an interface (Abelès 1950, Born and 
Wolf 1959, Heavens 1960, etc.) and the application of the method to thin films (Epstein 
1952, Francombe and Hoffman 1971, Herpin 1947, Thelen 1989, etc.). The reformulation 
of these matrices in terms of coefficients relating energy magnitudes (through, e.g., the 
Poynting vector) allows the definition of transfer matrices as proposed herein.  
 
This paper provides a method for the systematic formulation of the equations for the 
determination of the energy coefficients of a glazing system and the experimental 
characterization of its components (Section 2). These operations and those related with 
the calculation of energy fluxes and absorptivities may be performed by means of an 
analytical mathematical formalism based on matrix calculations (Section 4). A review 
on the main hypothesis for the optical and energy modeling of multilayer systems will 
be presented, in particular regarding the null reflectivity of glass-film interfaces in a 
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laminated glass (Section 3.2). The extension of the formalism for the characterization of 
opaque components (Section 3.1) and the calculation of absorptivities will allow the 
study of the energy distribution within a conventional laminated glass (Section 5.1) 
and a laminated photovoltaic module with glass superstrate (Section 5.2). Both cases 
illustrate the procedure to reduce the mathematical complexity of the problem during 
the modeling phase and to facilitate the formulation of closed analytical expressions.  
 
 
2. SUMMARY OF THE MODEL (OPERATIONAL ASPECTS)    
 
Despite the variety of existing definitions for transfer matrices, all the formalisms are 
equivalent and leading to the same algebraic relations between spectral reflectivities 
(𝜌) and transmissivities (𝜏) of the optical system components. Within the most frequent 
definition (Harbecke 1986, Pfrommer 1995) the transfer matrix (𝑀) relates external (𝑓 - 
front) and internal (𝑏 - back) irradiance (𝐼) and radiosity (𝐽) as  (𝐼𝑓 , 𝐽𝑓)
𝑡
= 𝑀(𝐽𝑏 , 𝐼𝑏)
𝑡 , 
where superscript t indicates the transpose matrix. Solar irradiance incidence defines 
the external side of the glazing. Within this convention, consecutive interfaces are 
connected by a transfer matrix product, where the radiosity of an interface is taken as 
irradiance for the next surface, and vice versa.  The introduction of components with 
only energy absorption functionality requires a different type of matrix, given that the 
absorption process must not alter the order between incoming and outgoing fluxes.  
 
In this paper, as in Baenas and Machado (2009), the definition convention given by 
Maestre (2000) has been followed, so that the relation between irradiance and radiosity 
was of the type (𝐼𝑓 , 𝐽𝑓)
𝑡
= 𝑀(𝐼𝑏 , 𝐽𝑏)
𝑡. This allows the use of the same kind of matrix for 
interfaces and elements whose only function is the incoherent attenuation of radiation 
intensity. In return, an additional link matrix (𝑈) is needed for the irradiance-radiosity 
conversion at the junction between successive interfaces. From this definition, the 
explicit expression for transfer matrix is, in the general asymmetric case 𝜏𝑓 ≠ 𝜏𝑏, 
 
𝑀 =
1
𝜏𝑓
(
−𝜌𝑏 1
𝜏𝑓𝜏𝑏 − 𝜌𝑓𝜌𝑏 𝜌𝑓
) , 𝑈 = (
0 1
1 0
). (1) 
 
It should be noted that 𝑀 matrix is not defined in the case of null transmissivity, 𝜏𝑓 = 0, 
and that in the symmetric case it is a unimodular matrix, with det(𝑀) = det(𝑈) = −1. 
In spite of the apparent equivalence between both definitions, the last one simplifies 
the formal study of part of the contents of the model, as it allows an equivalent 
treatment of the transmissivity of each element, avoiding the need to define its function 
within the system (this is the case of absorptive selective coatings, polymer films and 
substrates).  
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Fig. 1:  Schematics and notation for a laminated glazing system. 
 
One of the objectives of the method proposed by Baenas and Machado (2009) was to 
simplify the modelling of a glazing system, by developing a catalogue of the optical 
components (from their associated transfer matrices) which are closest to real system 
components. In this way, the reduction of a glazing into a sequence of optical interfaces 
and their characterization process, which would require an advanced knowledge of the 
subject, is avoided. The schematization of the system is then straightforward and has a 
direct translation into the setting up of the corresponding equation system. As an 
example, a monolithic glass with an internal coating is represented by “[S]|”, as the 
junction of the following optical components: air-glass interface “[“, glass substrate “S” 
and glass-air coating “]|”.  
  
Each i-th component has an associated 𝑀𝑐,𝑖 matrix from the catalogue (𝑐 represents the 
type of component following Table 1). This matrix describes the function of the 
component within the system and includes the magnitudes which characterize it 
(transmissivity, reflectivities and the relations among them). In order to obtain these 
magnitudes from transmittance and reflectance spectrophotometric measurements of 
the glazing system, basic configurations must be considered (elementary glazing 
systems detailed below).   
 
The transfer matrix of the glazing system, 𝑀1,𝑛, 𝑛 being the number of components, is 
obtained as the ordered product (front to back) of the transfer matrix of each optical 
component of the catalogue. This matrix relates the incoming and outgoing irradiance 
and radiosity pairs of the global optical system as,  
 
(
𝐼1,𝑓
𝐽1,𝑓
) = 𝑀1,𝑛 (
𝐼𝑛,𝑏
𝐽𝑛,𝑏
) , 𝑀1,𝑛 = 𝑀𝑐,1𝑀𝑐,2…𝑀𝑐,𝑛, (2) 
 
Where the numerical sub-index is correlative for the numbering of components. The 
symmetrical transmittance (𝑇 = 𝑇𝑓 = 𝑇𝑏) and reflectances (𝑅𝑓, 𝑅𝑏) of the optical system 
are obtained, by definition, from an unitary incident irradiance:  
 
(
1
𝑅𝑓
) = 𝑀1,𝑛 (
0
𝑇
) , (
0
𝑇
) = 𝑀1,𝑛 (
1
𝑅𝑏
). (3) 
 
Expressions (3) can be rewritten as the transfer matrix of an equivalent optical interface 
for the glazing system, defined from (1), i.e., with 𝑇 ≠ 0, 
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𝑀1,𝑛 = (
𝑚11 𝑚12
𝑚21 𝑚22
) =
1
𝑇
(
−𝑅𝑏 1
𝑇2 − 𝑅𝑓𝑅𝑏 𝑅𝑓
). (4) 
 
Therefore, from 𝑚𝑖𝑗 matrix elements, the relations between the glazing energy 
coefficients (𝑇, 𝑅𝑓, 𝑅𝑏) and the coefficients describing the glazing components (𝜏𝑖, 𝜌𝑖𝑓, 
𝜌𝑖𝑏) are given by 𝑇 = 𝑚12
−1, 𝑅𝑓 = 𝑚22𝑚12
−1, 𝑅𝑏 = −𝑚11𝑚12
−1. 
 
 
Table 1: Catalogue of optical components and transfer matrices.  
 
Component Symbol Transfer matrix Matrix structure 
Glazing  (
−
𝑅𝑏
𝑇
1
𝑇
𝑇 −
𝑅𝑓𝑅𝑏
𝑇
𝑅𝑓
𝑇
) 
𝑇: Transmittance 
𝑅𝑓, 𝑅𝑏: Reflectance front, back 
Air-glass interface [ 
(
 
 
1
1 − 𝑟𝑠
−
𝑟𝑠
1 − 𝑟𝑠
𝑟𝑠
1 − 𝑟𝑠
1 − 𝑟𝑠 −
𝑟𝑠
2
1 − 𝑟𝑠)
 
 
 
𝑀[ = 𝑀𝑈 
𝑟𝑠: Glass substrate reflectivity 
Glass-air interface ] 
(
 
 
1− 𝑟𝑠 −
𝑟𝑠
2
1 − 𝑟𝑠
𝑟𝑠
1 − 𝑟𝑠
−
𝑟𝑠
1 − 𝑟𝑠
1
1 − 𝑟𝑠)
 
 
 
𝑀] = 𝑈𝑀 
𝑟𝑠: Glass substrate reflectivity 
Glass substrate S (
0
1
𝜏𝑠
𝜏𝑠 0
) 
𝑀𝑆 = 𝑀 
𝜏𝑠: Glass substrate transmissivity 
Air-glass coating  |[ 
(
 
1
𝑡0
−
𝑟0𝑏
𝑡0
𝑟0𝑓
𝑡0
𝑡0 −
𝑟0𝑓𝑟0𝑏
𝑡0 )
  
𝑀|[ = 𝑀( = 𝑀𝑈 
𝑡0𝑓: Coating transmissivity 
𝑟0𝑓, 𝑟0𝑏: Coating reflectivity front, back Film-glass coating ( 
Glass-air coating ]| 
(
 
𝑡0 −
𝑟0𝑓𝑟0𝑏
𝑡0
𝑟0𝑓
𝑡0
−
𝑟0𝑏
𝑡0
1
𝑡0 )
  
𝑀]| = 𝑀) = 𝑈𝑀 
𝑡0𝑓: Coating transmissivity 
𝑟0𝑓, 𝑟0𝑏: Coating reflectivity front, back Glass-film coating ) 
Film (no reflectivity) ]+[ (
0 𝜏𝐿
∗
1
𝜏𝐿
∗ 0
) 
𝑀]+[ = 𝑈𝑀𝑈 
𝜏𝐿
∗: Film transmissivity 
Film (with reflectivity) )+( 
(
 
 
𝜌𝐿
𝜏𝐿
𝜏𝐿 −
𝜌𝐿
2
𝜏𝐿
1
𝜏𝐿
−
𝜌𝐿
𝜏𝐿 )
 
 
 
𝑀)+( = 𝑈𝑀𝑈 
𝜏𝐿: Film transmissivity 
𝜌𝐿: Film reflectivity 
Gas space (no optical 
function) 
_ (0 1
1 0
) 𝑀_ = 𝑈 
 
The experimental characterization of the magnitudes included in transfer matrices of 
Table 1 is obtained from spectrophotometric measurements of the basic configurations 
listed in Table 2. Section 4 includes the procedure for the deduction of these equations, 
which can be systematically obtained by inverting relation (2). The expressions for the 
most complex cases, identified in Table 2, will be derived. The remaining formulae 
may be constructed analogously or through equivalent procedures from the literature.   
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Table 2: Basic configurations for the experimental characterization of components.  
 
Configuration Symbol Magnitudes References 
Monolithic glass 
(uncoated) 
[S] 
𝑟𝑠 =
𝛽 −√𝛽2 − 4(2 − 𝑅)𝑅
2(2 − 𝑅)
 
𝜏𝑠 =
𝑅 − 𝑟𝑠
𝑟𝑠𝑇
=
−(1 − 𝑟𝑠)
2 +√(1 − 𝑟𝑠)4 + 4𝑟𝑠2𝑇2
2𝑟𝑠2𝑇
 
𝛽 = 𝑇2 − 𝑅2 + 2𝑅 + 1 
Furler (1991) 
Rubin et al. (1998) 
EN 410 (1998, 2011) 
Laminated glass 
(no internal reflectivity) 
[S1]+[S2] 𝜏𝐿∗: Formula (12) 
Rubin et al. (1998) (S1=S2) 
EN 410 (1998) 
This paper 
Laminated glass 
(internal reflectivity) 
[S)+(S] 𝜏𝐿, 𝜌𝐿: Formulas (14) This paper 
Coated monolithic glass 
(external coating) 
[S]| 
𝑟𝑜𝑓 =
𝑅𝑓 − 𝑟𝑠
[1 + 𝑟𝑠(𝑅𝑓 − 2)]𝜏𝑠2
 
𝑡0 =
𝑇(1 − 𝑟𝑠𝑟𝑜𝑓𝜏𝑠
2)
(1 − 𝑟𝑠)𝜏𝑠
 
𝑟𝑜𝑏 = 𝑅𝑏 −
𝑡0
2𝑟𝑠𝜏𝑠
2
1 − 𝑟𝑠𝑟𝑜𝑓𝜏𝑠2
 
Rubin et al. (1998) 
EN 410 (1998, 2011) 
Baenas & Machado (2009) 
Coated laminated glass 
(embedded coating) 
[S1]+[(S2] 𝑡0, 𝑟𝑜𝑓,𝑟𝑜𝑏: Formulas (11) 
Baenas & Machado (2009) 
EN 410 (2011) 
This paper (including 
singular solutions) 
 
The total transmittance of a glazing system separating two optically identical media 
(air) is symmetrical for front and back incidence. This implies that the transmissivity of 
every optical interface in the system is also symmetrical, which can be demonstrated 
within the optical model†, by taking determinants in the matrix product (2) and 
considering that det(𝑀𝑖) = −𝜏𝑖𝑏/𝜏𝑖𝑓 and det(𝑀1,𝑛) = −1 for the symmetrical system. 
 
The study of some of the intrinsic properties of the model and their extension to other 
type of results (e.g. Section 6) will require the recovery of the basis of the model, i.e., 
the optical interfaces and their transfer matrices (1). 
 
 
3. GENERAL SOLUTION FOR LAMINATED GLASS WITH INTERNAL AND 
EXTERNAL COATINGS  
 
A glazing system with “|[S1]+[(S2]|” structure will be considered in order to model the 
optical performance of a laminated glass which may include an internal coating – 
usually referred to as embedded coating – and  two external coatings. The 
corresponding equation system is obtained from expressions (2), (3) and Table 1, from 
which the transfer matrix of the system is given by, 
  
𝑀1,6 = 𝑀|[,1𝑀𝑆1,2𝑀]+[,3𝑀(,4𝑀𝑆2,5𝑀]|,6 (5) 
 
And therefore the energy coefficients of the glazing system, from (4) can be written as,  
 
                                                 
†
 It can be noted that this result is also obtained within the characteristic matrix theory, as 
shown by Abelès (1950), Theorem I: “The transmission factor of any stratified medium 
(absorbing or not) is independent of the sense of wave propagation”. The proof of this theorem 
is made by induction, by showing that the product of 𝑛 characteristic matrices, ordered from 
front to back and vice versa, always has the same diagonal elements. Symmetry is fulfilled by 
energy factors, not by Fresnel coefficients relating the electromagnetic field components. 
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𝑇 =
𝑡1𝑡2𝑡0𝜏1𝜏2𝜏𝐿
∆
, 
 
𝑅𝑓 = 𝑟1𝑓 +
(1 − 𝑟0𝑏𝑟2𝑓𝜏2
2)𝑟0𝑓𝑡1
2𝜏1
2𝜏𝐿
2 + 𝑟2𝑓𝑡1
2𝑡0
2𝜏1
2𝜏2
2𝜏𝐿
2
∆
, 
 
𝑅𝑏 = 𝑟2𝑏 +
(1 − 𝑟1𝑏𝑟0𝑓𝜏1
2𝜏𝐿
2)𝑟0𝑏𝑡2
2𝜏2
2 + 𝑟1𝑏𝑡2
2𝑡0
2𝜏1
2𝜏2
2𝜏𝐿
2
∆
, 
(6) 
where ∆ has been defined for convenience as 
 
∆= (1 − 𝑟1𝑏𝑟0𝑓𝜏1
2𝜏𝐿
2)(1 − 𝑟2𝑓𝑟0𝑏𝜏2
2) − 𝑟2𝑓𝑟1𝑏𝑡0
2𝜏1
2𝜏2
2𝜏𝐿
2. 
 
In (6), transmissivity and reflectivities for each component (see Fig. 1) are as follows: 
(𝑡1, 𝑟1𝑓 , 𝑟1𝑏) for the front coating “|[“, (𝜏1, 0,0) for the glass substrate “S1”, (𝜏𝐿 , 0,0) for 
the polymer film “]+[“,(𝑡0, 𝑟0𝑓 , 𝑟0𝑏) for the internal film-glass coating “(“, (𝜏2, 0,0) for 
the glass substrate “S2”, y (𝑡2, 𝑟2𝑓, 𝑟2𝑏) for the back coating “]|”. The experimental 
characterization of these magnitudes is performed according to Table 2.  
 
It should be noted that the first equation in (6), corresponding to glazing transmittance, 
can be written as 𝑇 = 𝜏𝑚 ∆⁄ , where 𝜏𝑚 represents the minimum transmissivity of the 
system (the product of the transmissivities of all the components). The ∆−1> 1 factor 
accounts for the contribution of the structure of the system to the energy transmission 
(due to internal reflections). This formal relation applies to any glazing system.  
 
The general solution to (6) in variables (𝑡0, 𝑟0𝑓 , 𝑟0𝑏) (i.e., the experimental 
characterization of the internal coating) may be obtained either by directly solving the 
corresponding equations or from matrix relation (5), which allows obtaining the 
transfer matrix for the internal coating, in the case of non-zero transmissivities:   
 
𝑀(,4 = (𝑀|[,1𝑀𝑆1,2𝑀]+[,3)
−1
𝑀1,6(𝑀𝑆2,5𝑀]|,6)
−1
. (7) 
 
Relations like (7) provide a systematic procedure for the characterization of any glazing 
component. In the case under consideration,  
 
𝑡0 =
1
∆̃
𝑡1𝑡2𝑇
𝜏1𝜏2𝜏𝐿
, 
 
𝑟𝑜𝑓 =
1
∆̃
(𝑅𝑓 − 𝑟1𝑓)(𝑡2
2 − 𝑟2𝑓𝑟2𝑏) − 𝑟2𝑓(𝑇
2 − 𝑅𝑓𝑅𝑏) − 𝑟1𝑓𝑟2𝑓𝑅𝑏
𝜏1
2𝜏𝐿
2 , 
 
𝑟𝑜𝑏 =
1
∆̃
(𝑡1
2 − 𝑟1𝑓𝑟1𝑏)(𝑅𝑏 − 𝑟2𝑏) − 𝑟1𝑏(𝑇
2 − 𝑅𝑓𝑅𝑏) − 𝑟1𝑏𝑟2𝑏𝑅𝑓
𝜏2
2 , 
 
(8) 
 
where 
 
∆̃= 𝑅𝑓𝑟1𝑏(𝑡2
2 − 𝑟2𝑓𝑟2𝑏) + 𝑅𝑏𝑟2𝑓(𝑡1
2 − 𝑟1𝑓𝑟1𝑏) − 𝑟1𝑏𝑟2𝑓(𝑇
2 − 𝑅𝑓𝑅𝑏)
+ (𝑡1
2 − 𝑟1𝑓𝑟1𝑏)(𝑡2
2 − 𝑟2𝑓𝑟2𝑏). 
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Equations (6) and (8) are in accordance, except for notation issues, with EN standard 
410:2011, annex B. In this standard, the corresponding expressions are obtained 
through the equivalent method of recurrence relations derived by Rubin (1982). 
Equivalent expressions to (6) were also used by Marco et al. (2001), although in that 
work the coating characterization was performed by numerical optimization, as a 
multilayer coating with known thicknesses and refractive indexes.   
 
 
3.1. SINGULAR SOLUTIONS AND GLAZING SYSTEMS WITH LOW OR NULL 
TRANSMITTANCE  
 
Solutions of the type (8) are sensitive to small denominators due to low transmissivities 
of some components, for specific regions of the solar radiation spectrum. A numerical 
compensation is often found when the transmission and reflection spectra of the whole 
glazing are recomposed. This compensation tends to cover the numerical problem in 
the components characterization, but may however imply a loss of accuracy when the 
characterization of the low transmissivity component is used in a different 
configuration. The factors taking part in this problem are the experimental accuracy in 
spectrophometric measurements, the theoretical approximations made in the modeling 
and the limitations in the manufacturing processes of the glazing systems used as basic 
configurations (Baenas and Machado 2009). A related problem, from a formal 
perspective, is the characterization of components in opaque systems (with some of the 
transmissivities being exactly zero), as is the case, e.g., for laminated crystalline silicon 
photovoltaic modules. Therefore, it is convenient to provide the singular solutions of 
the equation system (6), associated to the presence of null transmissivities. These 
singular solutions identify both limit solutions and those which are mathematically 
undefined.  
 
The complementary singular solutions to (9) are compiled in Table 3. The undefined 
character of some of the variables has a strictly mathematical origin associated to the 
procedure for components characterization from spectrophotometric measurements of 
the glazing system. Section 6.3 presents an example of application of these singular 
solutions. Cases with 𝑡1 = 0 or 𝑡2 = 0 have no solutions. 
 
Table 3: Singular solutions for an embedded coating in laminated glass.  
 
Case Singular solutions 
𝜏1 = 0, 𝜏𝐿 = 0 
𝑡0, 𝑟0𝑓: no solutions 
𝑟0𝑏 =
𝑅𝑏 − 𝑟2𝑏
(𝑡2
2 + 𝑟2𝑓𝑅𝑏 − 𝑟2𝑓𝑟2𝑏)𝜏2
2
 
𝜏2 = 0 
𝑡0, 𝑟0𝑏: no solutions 
𝑟0𝑓 =
𝑅𝑓 − 𝑟1𝑓
(𝑡1
2 + 𝑟1𝑏𝑅𝑓 − 𝑟1𝑓𝑟1𝑏)𝜏1
2𝜏𝐿
2
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3.2. CHARACTERIZATION OF THE TRANSMISSIVITY OF POLYMER FILMS.  
 
Polymer films commonly used for laminated glass manufacturing, typically PVB –
polyvinyl butyral- and EVA –ethyl vinyl acetate- have a refractive index approximately 
equal to that of the glass substrate, within the wavelength range of solar radiation 
(Rubin et al. 1998). A null reflectivity of the glass-film interface may then be assumed 
to a good approximation. The characterization of this component, “]+[“ (a film with no 
reflectivity) can be done in terms of its transmissivity 𝜏𝐿
∗, from “[S1]+[S2]” (Table 2) 
basic configuration. The equation system for this glazing is obtained from the 
corresponding matrix product (2) or from (6), by substituting 𝑡𝑖 → 1 − 𝑟𝑠𝑖 and 𝑟𝑖𝑓 , 𝑟𝑖𝑏 →
𝑟𝑠𝑖, where 𝑟𝑠𝑖 is the reflectivity of the uncoated monolithic glass substrate 𝑆𝑖. For non-
zero transmissivities (𝜏𝑖 ≠ 0), the expression for 𝜏𝐿
∗ obtained from the first equation in 
(9) is,  
 
𝜏𝐿
∗ =
1
𝜏1𝜏2
−(1 − 𝑟𝑠1)(1 − 𝑟𝑠2) + √4𝑟𝑠1𝑟𝑠2𝑇
2 + (1 − 𝑟𝑠1)
2
(1 − 𝑟𝑠2)
2
2𝑟𝑠1𝑟𝑠2𝑇
. 
(9) 
 
The asterisk in 𝜏𝐿
∗ refers to the transmissivity of the component under the hypothesis of 
null reflectivity. Equation (9) generalizes the expression given by Rubin et al. (1998) for 
the particular case where  𝑟𝑠1 = 𝑟𝑠2 (symmetric laminate), and it is in accordance with 
the expression given by EN 410:2011, annex B. In this case, the standard solves this 
problem from the solution for a single substrate system, “|[S]|”, with equivalent 
transmissivity 𝜏1𝜏𝐿𝜏2 (this kind of equivalences is described in Baenas and Machado 
2009). It is common to opt for a characterization of the (9) type, given that reflectance 
spectrophotometry usually involves a loss in accuracy, even if the three (6) equations 
are solvable in order to obtain 𝜏𝐿
∗. 
 
The transmissivity of a polymer film within an opaque optical system is either not 
defined or null. In this case, the system is equivalent to the trivial case 𝑇 = 0, 𝑅𝑓 = 𝑟𝑠1 
and 𝑅𝑏 = 𝑟𝑠2, where (12) is not defined and (13) expressions are zero, as this is the only 
solution which is compatible with 𝑇 = 0, 𝜏1 ≠ 0 and 𝜏2 ≠ 0 in the “[S1]+[S2]” system. 
For the same reason, there are no singular solutions in the case of null transmissivities 
of the glass substrates.  
 
There are several different mechanisms to introduce reflectivity within a laminated 
glass, such as the presence of thin films (section 3), embedded or encapsulated 
components (as is the case for photovoltaic modules, addressed in section 5.2), or the 
interfaces between different refractive index media. Therefore, it is convenient to 
provide a component which models the case of an adhesive film including reflectivity 
in the interface with the glass substrate. The characterization of such a component will 
allow evaluating the accuracy of the null reflectivity hypothesis, which considerably 
simplifies the modeling of the system.  
 
A symmetrical system of the type “[S)+(S]” will be thus considered, where “)+(“ 
represents the “film with reflectivity” component. Due to symmetry issues, external 
and internal reflectances of the glazing system are equal, 𝑅𝑓 = 𝑅𝑏 ≡ 𝑅, and so are the 
transmissivities and reflectivities of the glass substrates, 𝑟𝑠1 = 𝑟𝑠2 ≡ 𝑟𝑠, 𝜏𝑠1 = 𝜏𝑠2 ≡ 𝜏𝑠. 
The transfer matrix of the glazing system will be given by (2), that is, 𝑀1,5 =
𝑀[,1𝑀𝑆,2𝑀)+(,3𝑀𝑆,4𝑀],5. Given that the matrix structure of the component is 𝑀)+(,3 =
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𝑈𝑀3𝑈, where 3 is an optical interface with transmissivity 𝜏𝐿 and reflectivity 𝜌𝐿, the 
component can be characterized from, 
 
𝑀)+(,3 =
1
𝜏𝐿
(
𝜌𝐿 𝜏𝐿
2 − 𝜌𝐿
2
1 −𝜌𝐿
) = (𝑀[,1𝑀𝑆,2)
−1
𝑀1,5(𝑀𝑆,4𝑀],5)
−1
. (10) 
 
By evaluating this expression and identifying matrix elements, the following 
expressions are obtained:  
 
𝜏𝐿 =
1
∆̃
(1 − 𝑟𝑠)
2𝑇
𝜏𝑠
2 , 𝜌𝐿 =
1
∆̃
𝑅 − 𝑟𝑠(𝑇
2 − 𝑅2 + 1 + 2𝑅) + 𝑟𝑠
2(2 − 𝑅)
𝜏𝑠
2 ,   (11) 
 
∆̃ , defined in (11), is in this case:  
 
∆̃= 1 + 2𝑟𝑠(𝑅 − 2) − 𝑟𝑠
2(𝑇2 − 𝑅2 + 4𝑅 − 4). 
 
In addition, it may be convenient to determine the value of the glass-film interface 
reflectivity, as well as the internal transmissivity of the “)+(“ component. In order to do 
this, its structure in optical interfaces from the previous matrix 𝑀3 is explicited as 
𝑀)+(,3 = 𝑈𝑀3𝑈 = 𝑈𝑀3𝑎𝑈𝑀3𝑏𝑈𝑀3𝑐𝑈. Here, 3a and 3b are simple interfaces with 
reflectivity 𝑟𝐿 and transmissivity 1 − 𝑟𝐿, and 3c is an attenuation interface 𝑡𝐿. By 
identifying the result of this product with (13) the following equation system is 
obtained,  
 
𝜏𝐿 =
𝑡𝐿(1 − 𝑟𝐿)
2
1 − 𝑟𝐿
2𝑡𝐿
2 , 𝜌𝐿 = 𝑟𝐿 +
(1 − 𝑟𝐿)
2𝑟𝐿𝜏𝐿
2
1 − 𝑟𝐿
2𝑡𝐿
2 .   (12) 
 
As could be expected, such equations correspond to a monolithic substrate type system 
(Furler 1991), as they describe the film with planoparallel interfaces embedded in a 
glass substrate (see Fig. 2). In this configuration, 𝜏𝐿 and 𝜌𝐿 play the role of 
transmittance and reflectance of the film system. The solutions to (12) are:  
 
𝑟𝐿 =
𝛽 − √𝛽2 − 4(2 − 𝜌𝐿)𝜌𝐿
2(2 − 𝜌𝐿)
, 𝛽 = 𝜏𝐿
2 − 𝜌𝐿
2 + 2𝜌𝐿 + 1, 
𝑡𝐿 =
𝜌𝐿 − 𝑟𝐿
𝑟𝐿𝜏𝐿
=
−(1 − 𝑟𝐿)
2 +√(1 − 𝑟𝐿)4 + 4𝑟𝐿
2𝜏𝐿2
2𝑟𝐿
2𝜏𝐿
, 
 
(13) 
These solutions are formally equivalent to those of an “[S]” system (see Table 2).  
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Fig. 2:  Schematics of a film component with reflectivity.  
 
The hypothesis of zero reflectivity in the glass-film interface means that 𝑟𝐿 = 0. In this 
case, from (12), 𝜌𝐿 = 0 and 𝜏𝐿 ≡ 𝜏𝐿
∗ = 𝑡𝐿 is obtained. In any case, (11) is a 
characterization of the film transmissivity, dependent on the glazing 𝑇 and 𝑅 
measurements.  
 
Fig. 3 shows the values of 𝜏𝐿
∗ (9) and 𝜏𝐿 (11), calculated transmissivity with and without 
null reflectivity hypothesis, for polymer films with different colors, in 4+4.1 glass 
configurations (two clear float 4 mm nominal thickness glass and an intermediate 0.4 
mm polymer film), taken from the same experimental characterization. It has been 
verified for all cases that the design hypothesis of zero reflectivity is acceptable. In the 
less favorable case (white PVB), reflectivity reaches a spectral maximum value of 0.06 
in the visible spectrum range. For the rest of films and spectral ranges, reflectivity 
values are in the 10−2 order or lower. The average refractive index declared by 
manufacturers is 1.48 for the films and 1.52 for glass substrates (in accordance with, 
e.g., Rubin 1984). However, (11) characterization does not require the introduction 
within the formalism of refractive indexes through Fresnel equations, in order to justify 
the ad hoc hypothesis of null reflectivity for the modeling process.   
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Fig. 3: Spectral transmissivity of polymer films, calculated with and without null reflectivity 
hypothesis. 
 
 
4. CALCULATION OF LAYER-BY-LAYER ABSORPTION  
 
Thermal studies of multilayer glazing systems formed by laminated glass generally 
adopt the simplification of considering the energy absorption for the whole system. 
This simplification is perfectly valid for the thermal balance of the system when it is 
obtained from the thermal resistances (in series association) of the laminated glass 
components and the short wavelength absorption is taken as 𝐴 = 1 − 𝑇 − 𝑅𝑓. However, 
glass prescriptions in terms of mechanical durability (admissibility of thermal tensions, 
or, equivalently breakage risk assessment) involve industrial processes of different 
manufacturing times and production costs (glass edge processing, thermal toughening 
or strengthening, mainly). It is therefore convenient to have a procedure to select, from 
the glazing design phase, the distribution of the energy absorptance of each laminated 
glass component, and thus their particular thermal breakage risk.     
 
From the perspective of the physical modeling of the system, the evaluation of 
individual breakage risks requires the calculation of incoming (𝐼) and outgoing (𝐽) 
fluxes of each optical interface. This is done from relation (2) and the explicit 
evaluation of the intermediate fluxes or, equivalently, of the matrix product blocks 
corresponding to the real components of the system. From the knowledge of the fluxes 
at both sides of a i-th optical interface, absorptivity is given by the incoming and 
outgoing energy balance, assuming unitary solar irradiance:    
 
𝐴𝑖 = 𝐼𝑖𝑓 − 𝐽𝑖𝑓 + 𝐼𝑖𝑏 − 𝐽𝑖𝑏 , (14) 
 
An iterative procedure is thus defined (see e.g. ISO 15099 standard, Maestre 2000 or 
Van Nijnatten 1994), which does not directly provide closed analytical expressions for 
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the energy fluxes and therefore is solved numerically. However, it will be proved in 
section 5 that it is possible to obtain analytical expressions for the layer-by-layer 
absorption of a laminated glass from the recurrence relations between the energy flux 
vectors and a convenient manipulation of the transfer matrices associated to the optical 
components. These expressions are not, to our best knowledge, included in any 
previous reference and, however, have a similar applicability as those for 
transmissivity and reflectivity provided by standards.  
 
In order to lighten notation, flux vectors will be written as (𝐼𝑓/𝑏 , 𝐽𝑓/𝑏)
𝑡 = Ψ𝑓/𝑏, so that 
given the i-th interface with transfer matrix 𝑀𝑖, Ψ𝑖,𝑓 = 𝑀𝑖Ψ𝑖,𝑏 is obtained. By 
considering the definition of the link matrix (1), it is found that Ψ𝑖,𝑏 = 𝑈Ψ𝑖+1,𝑓 and 
Ψ𝑖,𝑓 = 𝑈Ψ𝑖−1,𝑏.  These relations are equivalent, given the fact that 𝑈
−1 = 𝑈.  By relating 
internal and external fluxes through 𝑀𝑖, the following recurrence relations are 
obtained, which are equivalent and independent for the fluxes at each interface, 
 
Ψ𝑖,𝑓 = 𝑀𝑖𝑈Ψ𝑖+1,𝑓, Ψ𝑖,𝑏 = 𝑈𝑀𝑖+1Ψ𝑖+1,𝑏 , (𝑖 = 1,2, … , 𝑛 − 1) (15) 
 
These expressions allow an iterative solution of the calculation from the irradiance and 
radiosity values of the whole optical system, given by (2).  
 
 
5. EXAMPLES OF APPLICATION 
 
5.1. LAYER-BY-LAYER ABSORPTION IN A CONVENTIONAL LAMINATED GLASS  
  
As an example of calculation of analytical expressions for the absorption of 
components of a laminated glass (that is, in terms of transmissivities and reflectivities 
of the optical components), the case of a “|[S1]+[S2]|” system will be studied here. The 
system is a conventional laminated glass with two coated glass panes (external coating)  
and a polymer film with no reflectivity in the glass-film interface. Within the 
application of the optical method presented herein, the system is formed by 5 optical 
components. However, in order to simplify the iterative procedure and obtain  simpler 
analytical expressions, the number of optical components may be reduced to 3 for the 
calculation of fluxes and absorptivities, by using the following combined components:   
“|[S1“ (external glass), “]+[“ (polymer film) y “S2]|” (internal glass). The simplification 
does not hinder its practical applicability, given that only the energy absorptance of the 
real components is interesting, i.e., glass and polymer film, and not their division for 
the sake of modeling. In order to clarify notation, an asterisk will be used for transfer 
matrices associated to combined elements,  𝑀1
∗, 𝑀𝐿
∗ and 𝑀2
∗ respectively for external 
glass, polymer film and internal glass. For the whole system the relation Ψ1,𝑓 =
𝑀1,3Ψ3,𝑏 applies. From (3) expressions Ψ1,𝑓 and Ψ3,𝑏 can be calculated, i.e.,  
 
𝐽3𝑏 =
1
𝑚12
, 𝐽1𝑓 =
𝑚22
𝑚12
, (16) 
 
Where 𝑚𝑖𝑗 are the elements of the system matrix, 𝑀1,3. Applying recurrence relations 
(15), flux vectors at the interfaces between the combined components are obtained. In 
particular, Ψ2,𝑏 and Ψ1,𝑏 are calculated from the relation for internal fluxes (𝑏):  
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(
𝐼2𝑏
𝐽2𝑏
) = 𝑈𝑀2
∗ (
0
1 𝑚12⁄
) = (
𝑚22
(2)
𝑚12⁄
𝑚12
(2)
𝑚12⁄
), 
 
(
𝐼1𝑏
𝐽1𝑏
) = 𝑈𝑀𝐿
∗ (
𝑚22
(2)
𝑚12⁄
𝑚12
(2)
𝑚12⁄
) = (
𝑚21
(𝐿)
𝑚22
(2)
𝑚12⁄ +𝑚22
(𝐿)
𝑚12
(2)
𝑚12⁄
𝑚11
(𝐿)
𝑚22
(2)
𝑚12⁄ +𝑚12
(𝐿)
𝑚12
(2)
𝑚12⁄
), 
(17) 
 
where the superscript  (1, 2 ó L) of the matrix elements refers to the original component 
to which the matrix relates (without superscript for 𝑀1,3). 
 
It should be noted that, in order to determine the analytical form of the absorptivities, 
transfer matrices 𝑀∗ do not coincide with those from Table 1, given that combined 
components are being used and the link matrix 𝑈 has been included within recurrence 
relations (18) instead of the optical component matrix. In terms of (1) matrices for the 
system interfaces, these are constructed as 𝑀1
∗ = 𝑀1𝑈𝑀2, 𝑀𝐿
∗ = 𝑀3 and 𝑀2
∗ = 𝑀4𝑈𝑀5,   
where 1 and 5 are interfaces with transmissivity and reflectivity (coatings) and 2, 3 and 
4 are interfaces with just transmissivity (glass substrates and polymer film). The 
corresponding explicit expressions are,                                           
 
𝑀1
∗ =
1
𝑡1
(
 
−𝑟1𝑏𝜏1
1
𝜏1
𝜏1(𝑡1
2 − 𝑟1𝑓𝑟1𝑏)
𝑟1𝑓
𝜏1 )
 , 𝑀2
∗ =
1
𝑡2
(
−
𝑟2𝑏
𝜏2
1
𝜏2
𝜏2(𝑡2
2 − 𝑟2𝑓𝑟2𝑏) 𝑟2𝑓𝜏2
), 
𝑀𝐿
∗ = (
0
1
𝜏𝐿
𝜏𝐿 0
). 
(18) 
 
From (14), (17) and (18) the absorptivities of the combined external glass (𝐴1), polymer 
film (𝐴𝐿) and internal glass (𝐴2) components are obtained: 
 
 
𝐴1 =
1 − 𝑟1𝑓 + 𝑡1𝜏1(𝑟2𝑓𝜏𝐿
2𝜏2
2 − 1) + 𝑟2𝑓𝜏1
2𝜏𝐿
2𝜏2
2(𝑟1𝑓𝑟1𝑏 − 𝑟1𝑏 − 𝑡1
2)
1 − 𝑟1𝑏𝑟2𝑓𝜏1
2𝜏𝐿
2𝜏2
2 , 
 
𝐴𝐿 =
𝑡1𝜏1(1 − 𝜏𝐿)(1 + 𝑟2𝑓𝜏𝐿𝜏2
2)
1 − 𝑟1𝑏𝑟2𝑓𝜏1
2𝜏𝐿
2𝜏2
2 , 
 
𝐴2 =
𝑡1𝜏1𝜏𝐿(1 − 𝑡2𝜏2 − 𝑟2𝑓𝜏2
2)
1 − 𝑟1𝑏𝑟2𝑓𝜏1
2𝜏𝐿
2𝜏2
2 . 
 
(19) 
It can be proved that the absorption of the whole system, 𝐴, verifies, 
 
𝐴 = 𝐴1 + 𝐴𝐿 + 𝐴2 = 𝐼1𝑓 − 𝐽1𝑓 + 𝐼3𝑓 − 𝐽3𝑓 = 1 − 𝑇 − 𝑅𝑓. (20) 
 
Note that the denominator in (20) coincides with that of (6), ∆, if the internal coating is 
eliminated, i.e., with 𝑡0 = 1, 𝑟0𝑓 = 𝑟0𝑏 = 0. 
 
As an example of numerical representation of the model results, Fig. 4 depicts the 
spectral absorptivity of the components of a symmetrical laminated glass (4+4.1) 
formed by two 4 mm (nominal thickness) clear float glass panes and an internal 0.38  
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mm PVB polymer film. Spectral absorptivity can be integrated (weighted average) 
following EN 410:2011 standard in order to obtain the energy absorption of each 
component for the attainment of thermal balances. The experimental measurements of 
transmittance and reflectances of monolithic panes (in isolated setting) and laminated 
glass (thick line in Fig. 4) have been performed with a Perkin Elmer Lambda 950 
spectrophotometer equipped with a 150 mm integrating sphere. 
 
 
 
 
Fig. 4: Absorptivities of the components of a laminated glass.  
 
To the best of our knowledge, there is no technology that allows a direct measurement 
of the layer-by-layer absorption within a glazing system.  Related standards as ISO 15099 or 
EN 13363, rely on numerical procedures that have been accepted with a basis on their 
accordance with derived effects like the thermal balances (Finlayson et al. 1993, van 
Dijk 1966). In this sense, the content of the next section is also a derived effect, due to 
the relation between the internal absorption and the conversion efficiency of a 
photovoltaic module. 
 
 
5.2. MODELING OF A LAMINATED PHOTOVOLTAIC MODULE  
 
Photovoltaic (PV) modules encapsulated in laminated glass, with the PV cells 
embedded in the polymer film, are a particular case of glazing system with opaque 
regions. In this kind of systems, the interest of the modeling lies in the determination of 
the spectral absorptivity of the encapsulated cell, which is different from the measured 
absorptivity in air-cell configuration, due to the variation of reflectivity in the interface. 
This absorptivity is directly related to the cell efficiency. An accurate modeling of the 
energy absorptance of the PV cell should consider, when possible, the cell surface 
roughness and the consequent light dispersion at the interface, leading to equation 
systems which have to be solved numerically (see e.g. Santbergen and Zolingen 2008, 
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based on the multidirectional net-radiation method). Herein, however, only 
planoparallel interfaces will be considered, in line with the modeling hypotheses of 
previous sections, which allows obtaining closed analytical expressions in the order of 
accuracy provided by the standards. 
 
 
 
Fig. 5: Schematics of laminated glass-PV cell structure.  
 
 
This glazing system (Fig. 3) may be studied from the singular solution to the equation 
system (6) given in Table 3 for the 𝜏2 = 0 case, which determines the spectral 
reflectivity of the encapsulated PV cell, 𝑟𝑜𝑓 ≡ 𝑟𝑐𝑒𝑙𝑙.  
 
Given that there is no likelihood of confusion,  𝜏1 ≡ 𝜏𝑠 will be used. By restricting to the 
usual case of an uncoated external glass (𝑟1𝑓 = 𝑟1𝑏 ≡ 𝑟𝑠, 𝑡1 = 1 − 𝑟𝑠), the resulting 
expression is,   
 
𝑟𝑐𝑒𝑙𝑙 =
𝑅𝑓 − 𝑟𝑠
𝜏𝑆
2𝜏𝐿
2(1 − 2𝑟𝑠 + 𝑅𝑓𝑟𝑠)
. (21) 
 
Symbolically the modeling of the system is “[S1]+[(P”, where “P” represents the 
opaque panel, which cancels the optical influence of any other components at its back 
side. Here the internal coating component “(” has a virtual character in the sense that it 
allows the introduction of reflectivity in the system (𝑟𝑐𝑒𝑙𝑙) but it is not associated to the 
existence of a real thin film within the glazing system. It should be also noted that 
expressions (19) are not applicable in this case, given that they describe a system with 
zero internal reflectivity. Therefore, it is required to reconstruct the absorptivities by 
following a procedure analogous to section 5.1, from which only differences will be 
outlined herein, in order to lighten the exposition.  
 
Starting from the “[S1]+[(S2]” system, the absorptances corresponding to the relevant 
combined components are obtained. These components are, in this case, 𝑀1
∗ =
𝑀1𝑈𝑀2𝑈𝑀3, 𝑀2
∗ = 𝑈𝑀4𝑈 and 𝑀3
∗ = 𝑀5𝑈𝑀6, where 1 and 6 are air-glass and glass-air 
interfaces, 4 is the interface corresponding to reflectivity 𝑟𝑐𝑒𝑙𝑙 and 2, 3 and 5 are 
interfaces with just transmissivity (substrate plus polymer film – joint for convenience- 
and opaque panel substrate). 𝑀5 transmissivity is null (𝜏2 = 0) and the internal 
interface 𝑀6 does not affect the optical performance of the system. The absorptances for 
the combined components are denoted 𝐴1, 𝐴2 and 𝐴3 respectively. As indicated in 
section 4.1, the singular solution for 𝜏2 = 0 implies the indefinition of 𝑡0 and 𝑟𝑜𝑏, which, 
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however, enter the analytical expression for the absorptivities. Nevertheless, this lack 
of definition affects only the characterization of the component “(“ from the global 
coefficients of the glazing. In this new system, it can be considered, without a loss of 
generality, that the film-panel interface is a simple interface and therefore 𝑡0 = 1 − 𝑟𝑐𝑒𝑙𝑙, 
𝑟𝑜𝑏 = 𝑟𝑐𝑒𝑙𝑙. Despite 𝑟𝑜𝑏 does not seem to (directly) influence the system, it is not possible 
to cancel its value as this would imply a characterization of the related interface with 
no physical sense.  
 
Under the above mentioned modeling conditions, the analytical expressions for the 
absorptivities of the whole system (photovoltaic module, 𝐴𝑚𝑜𝑑), opaque panel (PV cell, 
𝐴𝑐𝑒𝑙𝑙) and the glass-encapsulation film (𝐴𝑒𝑛𝑐), are given by,  
 
𝐴𝑚𝑜𝑑 = 𝐴1 + 𝐴2 + 𝐴3 = 1 − 𝑇 − 𝑅𝑓 = (1 − 𝑟𝑠)
1 − 𝑟𝑐𝑒𝑙𝑙𝜏𝑠
2𝜏𝐿
2
1 − 𝑟𝑠𝑟𝑐𝑒𝑙𝑙𝜏𝑠
2𝜏𝐿
2, 
 
𝐴𝑐𝑒𝑙𝑙 = 𝐴2 + 𝐴3 = (1 − 𝑟𝑠)(1 − 𝑟𝑐𝑒𝑙𝑙)
𝜏𝑠𝜏𝐿
1 − 𝑟𝑠𝑟𝑐𝑒𝑙𝑙𝜏𝑠
2𝜏𝐿
2, 
 
𝐴𝑒𝑛𝑐 = 𝐴1 = 𝐴𝑚𝑜𝑑 − 𝐴𝑐𝑒𝑙𝑙 . 
(22) 
 
Fig. 6 shows the absorptivities of a 4+4.1 PV module (two clear float glass substrates, 4 
mm nominal thickness plus a 0.4 mm EVA encapsulation film). The UV-Vis-NIR 
spectrophotometric measurements for the reflectance of the system (𝑅𝑓) and the 
characterization of the glass substrate and polymer film were performed with a JASCO 
V-670 spectrophotometer equipped with a 150 mm integrating sphere.  
 
The figure shows the variation in absorptivity of the encapsulated cell with respect 
to measured bare cell absorptivity. The 𝐴𝑐𝑒𝑙𝑙 value is related to the intensity of 
generated electric current, and therefore to cell efficiency. It also participates in the 
equations of the thermal balance of the module through Joule effect (Fung and Yang 
2008). It can be proved (Machado et al. 2015, in preparation) that the method accurately 
matches short-circuit current density values of a PV module as obtained from 
experimental External Quantum Efficiency measurements. From a reduced set of 
experimental measurements of a reference encapsulation scheme, precise predictions 
of PV module efficiencies in different encapsulation conditions can thus be performed 
with the method presented herein. 
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Fig. 6: Absorptivities in a PV module with front glass encapsulation 
 
6. CONCLUSIONS 
 
The optical model presented herein allows the optical and energy study of glazing 
systems under the modeling conditions of the current normative framework. 
Following the guideline for the proposal of closed analytical expressions for the 
magnitudes describing the short-wave energy performance of the system, the method 
is based on a convenient definition of optical components and their associated transfer 
matrices.   
 
A systematic procedure has been established for the definition of the equations 
describing the glazing system from the ordered assembly of its components. The 
necessary expressions for the experimental characterization of the glazing components 
from the experimental measurements of specific configurations have also been 
obtained. It has been proved that transfer matrices associated to optical components 
and glazing system are symmetric in transmission by consistency of the model.   
 
This methodology has been applied to a general laminated glass, with the possibility of 
including internal and external selective coatings. The study of such a system has 
focused on the characterization of the internal coatings, including the singular 
solutions for the case of opaque components, and the characterization of polymer film 
transmissivity. This characterization takes into account the reflectivity of the polymer 
film-glass interface, which has allowed proving the accuracy of the (normative) 
hypothesis about the null reflectivity of commonly used polymer films. Current 
normative references do not include this specific characterization, despite the fact that 
it requires the same kind of experimental measurements than the characterization of 
other components (glass or coatings), and has a wider accuracy and range of 
applicability.    
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The recurrence relations allowing the determination of incoming and outgoing energy 
fluxes at the optical interfaces have been established. A systematic procedure 
providing closed analytical expressions for the absorptances of the components of a 
glazing system has been presented. This procedure is based on an appropriate 
definition of (combined) components, their associated transfer matrices, and the 
application of the general recurrence relations.  
 
As an example of application, the analytical expressions for the absorptance of the 
components of a conventional laminated glass (glass-polymer film-glass with external 
selective coatings) have been presented. Although these expressions are not included 
in current standards, they are highly useful during the design phase of a laminated 
glass, as they provide a means to determine differentiated absorption at each glass 
pane, and therefore, their individual thermal breakage risk. Additionally, the 
computational cost of the expressions provided in this work is analogous to the 
expressions included in the standards for the characterization of components or the 
calculation of system transmittance and reflectance.  
 
The expressions for the layer-by-layer absorptance of a photovoltaic module with a 
glass superstrate and cells embedded in a polymer film have also been provided. The 
opaque parts (PV cells) require the use of the singular solutions, previously derived, in 
order to get the cell reflectivity. This allows establishing a comparison between the 
absorptivity of the encapsulated cell and the one obtained from an air-bare cell 
measurement. The absorptivity of the cell in encapsulated conditions may be used for 
efficiency calculations of PV modules in different encapsulation schemes.   
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